An adaptive image colorization algorithm based on total variation and partial differential equations (PDE) 
Introduction
Image colorization is defined as a process for doing computer-assisted coloring for grayscale images, which was once used for processing the moon pix obtained from the Apollo Moon-landing Project in the early stage. Moreover, image colorization can be widely applied to the fields of movies and televisions, cartoons, advertisements, digitized images, etc.
Image colorization mainly consists of two methods, one of which is based on color transfer for transmitting the colors of the colorized source images to the target gray-scale images. For example, Welsh [1] proposed a method for transferring the colors of the colorized reference images to the target gray-scale images, which is mainly based on the matching among the colorizing pixels as well as the surrounding pixels and the reference image pixels. However, the results of this method depend on the selected reference images to a large extent, which have large limitation in application. And the other method is the one for diffusing the colors from the local area to the overall area to provide the gray-scale images with some initial colors and then diffusing the colors from the local area to the overall area. By assuming that the image colors could comply with the local Markov property, Horiuchi [2] set "seed pixels" in the images for diffusing; the colorization method proposed by Levin [3] lies in: firstly, manually scribbling color strips in each area of the image; then enabling the quadratic sum of the chrominance weighting difference among all the pixels and the adjacent pixels to reach the minimum value; however, these two methods are unsuitable for processing large-sized images. With the idea of image inpainting, Sapiro [4] introduced the partial differential equations (PDE) into the image colorization; after the initial colorized lines are scribbled in different areas of images, then the guide field determined by the brightness gradient is used for diffusing the colors to the overall image; however, this method cannot solve the location of the image boundary well and will cause the boundary cross for the color. Additionally, Yatziv [5] introduced a colorization method by mixing colors; Sung [6] proposed a colorization method by decomposing chrominance and brightness. Kawulok provided a colorization method by optimizing path [7] .
This paper proposes a model based on the total variation and the partial differential equations (PDE) in order to improve the colorization effect and specifically to solve the problem of fuzzy colors in edge area. After the initial seed colors are provided by the user, then establishing the PDE by evaluating the functional minimum and further setting an appropriate diffusion coefficient; solving the numerical values of the PDE with the method of finite-difference to make the colors be spread automatically and make the images be colored automatically. According to the experimental results, the proposed method makes the colors of the colorized images be natural and clear and effectively improves the colorization effect at different color boundaries.
The main contents of the remainder part of this paper are as follows. In section 2, the colorization method based on the total variation and the PDE is proposed. Section 3 mainly provides an adaptive selecting method for the diffusion coefficient. In section 4, the method for solving the numerical values of the PDE and the main steps for realizing the solution is given. Section 5 provides the experiment results of the paper and compares such results with the method results of other PDE. The conclusion is given in the last section.
Image colorization based on total variation and PDE.
The variation calculus aims at researching the problem of the functional minimum. In recent years, the technologies of the image denoising and the image inpainting based on variation are intensively studied. Rudin [8] proposed a total variation (TV) module for solving the problem of image denoising, and he noticed that the total variation of the noisy image is obviously larger than the total variation of the noiseless image and the image noise can be eliminated by minimizing the total variation, therefore, he converted the image denoising problem into the total variation problem. According to his idea, the energy functional is defined as follows:
In this formula, Ω refers to image domain,  refers to gradient and λ refers to Lagrange multiplier. The first integration in the formula is a regular item, which shows the measurement of the image smoothness; the second integration in the formula is a fidelity item, which makes u approach the initial value u 0 as close as possible and keeps important information in the images.
Each area of the grayscale image is roughly scribbled with initial colors in order to process image colorization. On the premise of keeping the scribbled pixel colors unchangeable and keeping the norm of the whole image color gradient L 2 in the minimum range, then the colorful lines with different colors will be expanded within a certain range and finally the colorization of the whole image will be completed. The colorization task can also be understood as inpainting the colors [6] . Thereby, the total variation method is introduced in the process of image colorization. According to formula (1), the image colorization can be realized by the minimizing the following target function.
In the formula, D c refers to the colorized part in the image, U refers to the image chrominance (such as C b or C r in YC b C r space), U 0 refers to partial initial colors provided by the user, and γ a refers to a normalized parameter.
The areas of different colors cannot be effectively distinguished in the process of image colorizing by using formula (2); and the color confusion is likely to be occurred at the junction of the areas of different colors. Here, we can take Ginzburg-Landau(GL) [9] module as a reference to distinguish the areas of different colors. GL model can be effectively applied to the physics and specifically to the superconductivity theory. The simplified GL functional is defined as follows:
In the formula, ε refers to a very small constant called the consistent length which only depends on the material and the temperature; u refers to the local state of the material: if |u|≈1, then the material will lie in a superconducting state; if |u|≈0, then the material will lie in a normal state or the material is free of superconductivity. The arithmetic of this paper is enlightened by the GL equation that is capable of detecting the normal state and the superconducting state, as a result, such arithmetic is able to expect the edges of the same-colored areas to correspond the normal state and expect the other areas to correspond the superconducting state so as to detect the edges of the same-colored areas and avoid the color confusion at the junction of different colors in the process of colorization.
The formula (2) only considers the influence of the distribution of the image initial color towards the distribution for the whole image color, it does not consider the effect of the image brightness distribution; and in consequence it may cause errors and may influence the colorization quality. Therefore, this paper adds a brightness distribution factor for correcting the formula (2) . By integrating the features of TV model and GL model, this paper provides a method suitable for the image colorization which is realized by minimizing the energy functional as follows.
In the formula, the first integration is a normalized function capable of processing the color diffusion under constraint conditions, wherein f(|Y|) indicates the diffusion coefficient related with the brightness gradient and the edge color information is enhanced by f(|Y|). In the integrand, the aim of using the square of the chromaticity gradient model is to make the colorized results not occur block-shaped effect at the image boundary. The second integration is a fidelity item, which enables the chromaticity components U and U 0 to get as close as possible; and γ e is a normalized parameter. The third integration is able to correctly distinguish the flat area or the edge area, wherein β is a real parameter.
The Euler-Lagrange equation of energy function J(U) is obtained by using variation method.
In the formula, if |U| is less than or equal 1, then the normalized parameter γ e is:
The solution of the formula (5) is converted into the solution of the following PDE by leading in time variation and by the gradient descent flow method. .
Adaptive parameter selection
In the formula (4), the diffusion coefficient f(|Y|) is very important since it controls the action of the color diffusion. The correct selection and the wrong selection of the diffusion coefficient determine the effectiveness of the diffusion equation. Two types of diffusion coefficient equations are provided in [10] .
The value of the parameter k directly influences holding capacity brought by the color diffusion method to the image color details. As is shown by the experimental results, the effect is bad when k is a constant; the color detail can be only effectively kept along with the changes of the image brightness gradient [11] [12] [13] [14] [15] .
Satisfied effects cannot be obtained by taking (8) or (9) as the diffusion coefficient, thus we should confirm more appropriate diffusion coefficient. As for the image Ω, the average value of the local brightness is defined as follows:
In the formula, Y(m, n) is the pixel brightness, the (2P+1)(2Q+1) are the window sizes symmetrical with the point (i, j) . The local variance of the brightness is:
Considering the diffusion coefficient should be a nonnegative decreasing function of the brightness gradient, moreover, f(0) = 1，f(x) ≥ 0; when x is infinitely great, the equal mark works. We propose a new diffusion coefficient: (12) Such defined diffusion coefficient combines the property of the image itself and overcomes the difficulty for estimating the parameter k. The brightness-gradient amplitude of the image in the board area at the junction of different-colored boundaries is larger and the brightness variance at the relatively local part is also larger, as a result, the diffusion coefficient f(|Y|) is smaller which is beneficial for keeping the details for the edge colors. On the contrary, the brightness-gradient amplitude of the image in the same-colored flat area of the image is smaller and the brightness variance at the relatively local part is also smaller, as a result, the diffusion coefficient f(|Y|) is larger which is beneficial for improving the diffusion efficiency.
Detailed steps of the proposed algorithm
This paper solves the formula (7) by the numerical method; and since the pixels of the digital images are distributed on the equally square grids, therefore the formula (7) is solved by the finite difference. A rectangular range containing a to-be-colored area is set in the image, which can be called as the computing field. In the computing field, using a forward difference to approximately show a first derivative and using a centered difference to approximately indicate show a second-order derivative. And the expression is as follows:
In the formula, (i, j) refers to the discrete space variable, namely for pixel coordinate; the superscript (n) refers to time, namely for iteration step numbers.
The main steps for realizing the colorized algorithm in this paper lie as follows:
Step 1: Scribbling the initial colors on the grayscale images so as to obtain the value of U 0 .
Step 2: Computing the diffusion coefficient f(|Y|) according to the formula (12).
Step 3: Iterating and solving the formula (7) with the method of finite difference so as to obtain the chrominance of each pixel of the image.
Step 4: Combing the obtained chrominance of each pixel of the image with the known brightness value so as to obtain the ultimate colorized result images. In the experiment, the values of γ, β, P and Q are determined as follows:
γ＝8 and β＝8，P=2 and Q=2.
Experimental result and relative analysis
Colorization results obtained by using the proposed method are shown in Fig. 1 ; wherein (a) shows three original gray-scale images, (b) shows color scribbles on the original, and (c) shows the colorization result. From the figure, one can see that the proposed method can produce color images with satisfactory visual quality.
Compare the proposed method with the method in [4] . Delete the chrominance components of the colored images in the experiment and then convert them into black-and-white images; process colorization by different methods based on same initial coloring, then compute out the peak value signal-to-noise ratio (PSNR) of the obtained results in relative to the original colored images. Fig.2 provides the testing results of one image. It is known from the experimental results that the colorization effect of (c) in Fig.2 is not as satisfactory as expected and the phenomenon of fuzzy colors occur at the junction of different areas (shown in the yellow-colored square). Since such method processes isotropic diffusion based on the Poisson equation, and the equal diffusion of the colors lead to the fuzzy colors at the junction. The proposed method can well process the color diffusion among the same-colored areas and can simultaneously realize colorization at the junction of different colors. The colorized images are natural in colors, and the colors at the detailed edges are clear and accurate; moreover, the colorization effect is good.
Compute out the peak value signal-to-noise ratio (PSNR) of the colorized image in relative to the original colored image. The adopted images are flower, bird, children, and seaside in Fig.1 and Bowling in Fig. 2 , see the Table1 to see the experimental results. The colorized images obtained by this paper are provided with higher PSNR values which are increased about 1-2dB compared with the method in [4] . (d) The result for the method of this paper 
Conclusion
This paper proposes an adaptive image colorization method based on total variation and the PDE. It firstly establishes PDE by evaluating the functional minimum and provides the adaptive selection for the model parameters; it adopts the diffusion coefficient relative to the image features, which enables the smooth area and the boundary area of the image to be effectively realizing color diffusion. In the process of realizing algorithm, solve equations by the method of finite-difference and take experiments to prove the effectiveness of this method. Compared with other similar methods, the proposed method can obviously improve the colorization effect, which can not only obtain good effects in same kind of color area, but can keep the color details in the boundary areas of different colors; as a result, clear and natural colored images can be obtained, and the peak value signal-to-noise ratio (PSNR) of the image is also improved to some extent.
